We present an outranking procedure that supports selection of alternatives represented by multiple attributes with interval valued data. The procedure is interactive in the sense that the decision maker direct the search for preferred alternatives by providing weights of the different attributes as well as parameters related to risk attitude and weighted dominance. The outranking relation builds on pairwise comparisons between optimistic and pessimistic weighted values as well as weighted dominance relations supported by volume based measures. The suggested procedure is referred to as the Weighted Overlap Dominance procedure (WOD).
Introduction
In the present paper we suggest to use an interactive outranking procedure designed for situations where a decision maker wishes to rank a set of alternatives, each described by multiple attributes with interval data. The suggested procedure will be dubbed the Weighted Overlap Dominance procedure (WOD).
By now there is a substantial literature on multicriteria outranking methods, see e.g., Chen and Hwang (1992) . Best known are: ELECTRE (Roy (1972) ), VIKOR (Opricovic and Tzeng (2007) , where Sayadi et al. (2009) extends to interval data), PROMETHEE (e.g. Brans and Vincke (1985) . Téno and Mareschal (1998) extents to interval data) and TOPSIS (Chen and Hwang (1992) ). Jahanshahloo et al. (2006) and Jahanshahloo et al. (2009) extends to interval data).
Whilst these methods can be extended to incorporate interval data, the suggested WOD procedure is directly constructed for pairwise comparisons of alternatives represented by multidimensional interval data and this is an important difference between WOD and the approaches of ELECTRE, VIKOR, PROMETHEE and TOPSIS -a difference which will be further discussed in Section 2 below. Loosely speaking, the outranking in WOD is based on weighted overlap between the alternatives represented as data cubes. The decision maker specifies criteria weights as well as a number of decision parameters relating to overlap size as measured by volume ratios.
The WOD method is intended as an integrated part of a decision support system. We imagine a situation with an analyst providing the initial set of alternatives and a decision maker providing preference information concerning the size of the various choice parameters of WOD. The analyst then provides the resulting ranking and the decision maker further consider revising his choice of parameters and so forth in an ongoing iterative process until an acceptable result is obtained. Consequently, the decision support system may be divided into: 1) a pre-analysis and processing of data by the analyst and 2) communication and interaction between the decision maker and the analyst concerning choice parameters as well as intermediate results.
As input to the system, the analyst provides one or more sets of interval data for each criteria and alternative. In cases where data can be seen as realizations of some underlying random variable, the interval representation can be constructed as a simplification of the true underlying data distribution. In this case multiple sets of interval data will collectively provide an improved approximation. The first set of interval data may, for example, represent the boundaries containing 95 % of all likely outcomes, the second set 85 % etc. Clearly, the nature of the decision problem is crucial for the number of relevant sets.
With interval data in place for each alternative, the WOD method provides a sorted list of alternatives as a function of the user's stated choice parameters. To ease the communication we suggest two different user interfaces: A) one that presents a single sorted list of alternatives (in equivalence classes) given the choice of interval data (e.g. the boundary including 95 % of all likely outcomes) and B) one that presents multiple sorted lists of alternatives, one for each set of interval data. Option A) provides room for presenting actual numbers of the different criteria for each alternative and option B) provides an overview of how the ranking changes according to the other sets of interval data (data uncertainty). In either case the user can state his preferences in terms of weights, risk attitude and weighted dominance. The system produces new sorted lists of alternatives as these preferences change.
The potential field of applications is to some extend similar to that of the related methods ELECTRE, PROMETHEE, TOPSIS and VIKOR. For instance, in connection with variant of the TOPSIS method, Sun (2010) lists a number of actual applications ranging from "ranking hotels based on evaluation information" to "selecting orders in make-to-order basis when orders exceed production capacity". Particularly relevant areas of application for the suggested WOD procedure are characterized by a significant data uncertain making interval data representation appropriate.
The outline of the paper is as follows. Section 2 motivates the suggested WOD method and relate WOD to other well-known outranking methods. Section 3 defines the WOD procedure in detail. Section 4 provides an illustrative application comparing WOD to an interval version of TOPSIS. Section 5 suggests how to imbed WOD into an interactive decision support framework and 6 concludes with a few remarks on potential real world applications.
WOD: Motivation and Relation to Other Methods
The WOD procedure concerns pairwise outranking of alternatives. As such, it primarily relates to four other well-known approaches: ELECTRE, PROMETHEE, TOPSIS and VIKOR. These methods have been compared in several papers, e.g. Tzeng (2007, 2004) . In the following we shall briefly discuss differences and similarities between these methods and WOD.
In short, the idea of the ELECTRE method (Roy (1972) , Roy (1996) ) is to define a set of criteria supporting and rejecting respectively a given outranking relation. The supporting criteria are then associated with an aggregate weight whereas criteria for which the outranking relation is rejected are associated with individual scores. One alternative is now said to outrank another if the total weight supporting the outranking relation is above a certain threshold and no criterion is rejected with a score above a certain level. Concerning the details of the method, it should be noted that four different versions of the approach exists.
The PROMETHEE method, see e.g. Brans and Vincke (1985) introduces 'net preferences flows' as aggregating functions. In short, user determined preference functions and weights are associated to each criterion and outranking degrees are determined for each pairwise comparison of alternatives leading to leaving, entering and net 'flows' (average outranking degrees) for each alternative. Téno and Mareschal (1998) provides one way of extending this approach to include interval data.
In the TOPSIS method, see e.g. Chen and Hwang (1992) , user determined weights are used to score the alternatives and a ranking is based on the relative (normed) closeness to an ideal solution (the hypothetical alternative having maximal score in each criterion) and (normed) distance to an anti-ideal solution (the hypothetical alternative having minimal score in each criterion). Jahanshahloo et al. (2006) and Jahanshahloo et al. (2009) extends this approach to interval data.
The VIKOR method, see e.g. Opricovic (1998) , is also based on distances to an ideal and anti-ideal solution respectively. These distances are weighted and normed and a compromise solution is determined. See Opricovic and Tzeng (2004) for a detailed comparison of VIKOR and TOPSIS. Sayadi et al. (2009) provide an extension to interval data.
As mentioned in the introduction, the WOD method is constructed to handle pairwise comparisons of alternatives represented by interval data. The fact that it is directly constructed for interval data is a first important aspect distinguishing WOD from the other methods. For example, in case of substantial data uncertainty we find it crucial that the outranking relation between any pair of alternatives is independent of the presence of other alternatives in the choice set. If this is not the case then the uncertainty of (irrelevant) alternatives may influence the outranking relation between the pair of alternatives in question. Such independence of "irrelevant" alternatives is satisfied by WOD (by construction) but not by methods like TOPSIS and VIKOR even these can be extended to handle interval data. Based on distances to an ideal and anti-ideal defined over the entire choice set, the resulting ranking of these methods depend on data from all alternatives. We find this a significant drawback of the TOPSIS and VIKOR methods when handling alternatives that are characterized by highly uncertain data.
It is not obvious how methods like ELECTRE and PROMETEE can be extended to handle interval data. For PROMETEE one idea is found in Téno and Mareschal (1998) . Compared to the suggested WOD procedure the decision maker has to be much more specific in defining when alternatives are preferred to other alternatives since PROMETEE builds on (user defined) criteria specific preference functions for each pair of alternatives. Setting up such preference functions is quite demanding in terms of information from the decision maker and introducing uncertainty in the form of interval data does not add to a simplification. Moreover, depending on how the extension to interval data is done, it is far from clear how the uncertainty of one alternative will influence the outranking relation between two other alternatives.
As in the vast majority of multicriteria methods the suggested WOD procedure will rely on quantitative criteria weights in order to reflect the relative importance of each criterion. Given such weights each alternative, represented by its data cube (multidimensional interval data), possesses a maximum and a minimum weighted value. Compared to the alternative that obtains the highest maximum weighted value all dominated alternatives are disregarded. Then, based on weighted values, the 'overlap' between pairs of remaining alternatives are considered and an outranking relation is defined according to how likely (value) dominance occur as well as according to the decision makers risk attitude. Whether value dominance occurs or not is a judgement based on volume measures. Consider Figure 1 and 2 below, representing two types of situations of pairwise comparisons (in a two-dimensional model).
In case of Figure 1 it is clear that the respective maximum and minimum weighted value of alternative A is larger than that of alternative B. Hence, from the outset it seems reasonable to conclude that B can never outrank A from a value maximizing perspective. However, if the size of the marked area for alternative B is sufficiently large, the decision maker may feel that A and B are equally desirable. Using WOD, B can never outrank A, but with suitable choice of The case of Figure 2 is more ambiguous. Here, there is no evident dominance relation since even though the maximum weighted value of A is larger than that of B, the minimum weighted value of B is larger than that of A. In this case it seems reasonable to consider the relative size of the areas α and β, where α is a proxy for the part of A being better than B while β is a proxy for the part of B being better than A. In fact, it is tempting to consider the ratio between these volumes as measuring the risk attitude of the decision maker, which is done in WOD. Using (interval extensions of) methods like TOPSIS may result in A outranking B, while a risk averse decision maker might well find B more desirable than A as would indeed be the result of WOD. At least in the interval versions of TOPSIS presented in Jahanshahloo et al. (2006) and Jahanshahloo et al. (2009) there is no parameter that represents the risk attitude of the decision maker -another drawback in case of uncertain alternatives.
The WOD Procedure
Consider a set N = {1, . . . , n} of potential alternatives, each characterized by a set M = {1, . . . , m} of different criteria. Let data be interval valued [x L ij , x U ij ] and consider the normalized score of alternative i ∈ N with respect to criteria j ∈ M given by Let w ∈ R m + be a vector of criteria weights (as expressed by the decision maker) and consider an alternative i o in the set determined by solutions to,
i.e. an alternative for which the maximal weighted value is obtained.
Relative to the alternative i o we now define an index I io (z) measuring the weighted overlap between i o an all other alternatives z ∈ N as follows:
where Figure 3 for an illustration. 
The parameter α can be considered as exogenously chosen by the decision maker in order to reduce the initial set of relevant alternatives (or by the analyst for the same purpose). Note that if Z = {i o } then i o will be the natural selection.
Hence, assume that Z = {i o } and consider all
See Figure 4 and 5 below for an illustration of the three setsẐ,Ž andZ ′ (as volumes). Note thatẐ is empty if and only
We now define the outranking relation ≻ on Z as follows:
] is a parameter chosen by the decision maker. Otherwise the two alternatives are considered equivalent, i.e., z ∼ z ′ .
where γ ∈ R + is a parameter chosen by the decision maker. The different components in the indexes are illustrated in Figure 4 and 5 below. The first part is straightforward since in caseZ ′ = ∅ we have that lowest value of z is greater than the highest value of z ′ and hence z outranks z ′ given the chosen weights w. The second part relates to the case where the value intervals of z and z ′ overlap. The scoring P (z > z ′ ) can be interpreted as how likely it is that z is having a higher value than z ′ . If the scoring is high enough we say that z outranks z ′ , otherwise the two alternatives are considered equivalent. Finally, the last part deals with the case where the value interval of z ′ is a subset of the value interval of z and choice between them therefore becomes a matter of risk attitude. The ratio V (Ẑ)/V (Ž) reflects the probability of z having a higher value than the maximal value of z ′ to the probability of z having a lower value than the minimal value of z ′ . Thus, if γ = 1 the decision maker can be seen as risk neutral, if γ > 1 as risk averse, and if γ < 1, as risk loving.
If the ratio V (Ẑ)/V (Ž) < γ we conclude (reversely) that z ′ outranks z.
As straightforward consequences of the definition of the WOD procedure we record that:
Proposition 1. Given the decision makers choice of parameters w, β and γ, then for any pair of alternatives the WOD procedure results in either an outranking relation ≻ or an equivalence relation ∼.
and Proposition 2. Given the decision makers choice of parameters w, β and γ, the WOD procedure is affine invariant, i.e., it produces the same ranking if data is transformed by
Remark: For fixed criteria weights w the result follows from normalization of data. However, the result also holds for non-normalized data if w is allowed to be changed in accordance with the re-scaling of data, i.e., if w i → w i /a i .
We can further show:
Proposition 3. Given the decision makers choice of parameters w, β and γ, the WOD out-
Proof: Fix an alternative z and consider another alternative z ′ , where z ≻ z ′ .
IfZ ′ = ∅ and z ′ ≻ z ′′ for a third alternative z ′′ then clearly z ≻ z ′′ .
In case w · y L z ′′ ≥ w · y L z we clearly have that (the volume ratio on the relation between z and z ′′ ) V (Ẑ)/V (Ž) ≥ V (Ẑ ′ )/V (Ž ′ ) > γ and consequently z ≻ z ′′ . In case w · y L z ′′ < w · y L z the particular choice of β can render z equivalent with z ′′ (but we can never have z ′′ ≻ z).
then the particular choice of β may result in z ∼ z ′′ (but we can never have z ′′ ≻ z). IfŽ ′ = ∅ two cases may occur: i) If w · y L z ′′ > w · y L z in which case the ratio V (Ẑ)/V (Ž) on the relation between z and z ′′ becomes less than the ratio V (Ẑ)/V (Ž) on the relation between z and z ′ , i.e., V (Ẑ)/V (Ž) > γ, and thereby we have z ≻ z ′′ , ii) If w · y L z ′′ < w · y L z we are in a situation where z ≻ z ′′ or z ∼ z ′′ (but we can never have z ′′ ≻ z). Finally, ifŽ ′ = ∅ then V (Ẑ ′ )/V (Ž ′ ) > γ which implies that the ratio V (Ẑ)/V (Ž) on the relation between z and z ′′ is larger than γ too, which in turn implies that z ≻ z ′′ .
Q.E.D.
We finally add the following straightforward observation:
Observation 4. Looking at the casesŽ = ∅ andŽ = ∅ respectively,
1. An increase in β tends to increase the size of the equivalence classes.
2. An increase in γ lowers the likelihood that the alternative with maximal value outranks other alternatives.
A Comparative Data Analysis
To provide an illustration of the suggested WOD procedure we will make a comparison with an interval version of TOPSIS. Thus, we apply the same data set as originally used in Jahanshahloo et al. (2006) to illustrate their interval extension of TOPSIS .
As mentioned earlier, the two procedures differ significantly. TOPSIS rank all alternatives by distances to the same constructed ideal and anti-ideal reference points. These reference points are not actually existing alternatives but infeasible goals made up by the extreme values across all alternatives. In contrast, WOD compare the alternatives two and two and then rank them accordingly.
In both procedures the ranking is influenced by user given criteria weights. However, the WOD procedure involves further decision variables to be settled by the user or the analyst.
The parameter α is introduced in order to limit the set of relevant alternatives. It is a form of pre-screening device: If α = 0 all options are considered. With increasing α those alternatives which have only small value overlap are gradually excluded.
The parameters β and γ are introduced in order to provide a more nuanced ranking among the remaining alternatives.
The parameter β is used in case of one-sided overlap, as illustrated in Figure 3 , where the worst and best outcome of alternative A both dominates those of alternative B. Here, β is used to define when the decision maker will find alternative B indifferent to A. If β = 0 there will be no equivalence classes and WOD provides a complete and strict ranking. With increasing β we get increasing equivalence classes.
Finally, the parameter γ is used in situations of two-sided overlap as illustrated in Figure 4 , where the worst outcome of alternative B dominates the worst outcome in alternative A but where the best outcome of alternative A is dominates the best outcome of alternative B. γ reflects the user's risk attitude: γ = 1 can be viewed as risk neutrality while γ > 1 and γ < 1 can be viewed as risk aversion and risk attraction respectively.
Below, we shall illustrate how the three choice parameters in WOD provide a more flexible ranking procedure than that of TOPSIS. The applied data set covers 15 bank branches each represented by four financial ratios. Data is taken from Table 1 in Jahanshahloo et al. (2006) and contains four sets of interval data for each branch. No further information is provided concerning the nature of the data besides that the first criteria is a cost criteria (where less is better than more) and the remaining three criteria are benefit criteria (where more is better than less). The WOD procedure is constructed to handle only benefit criteria like a traditional MCDM method. Therefore the sign is changed on all values representing the first criteria. Also, to make it directly comparable data are normalized, see Table 3 in the appendix for the data set.
Analyzing a reduced set of alternatives
For the purpose of illustrating the WOD procedure and the differences between WOD and TOPSIS graphically, we will initially consider only the two first criteria C 1 and C 2 and the 6 bank branches (alternatives): A7, A9, A10, A11, A12 and A14. The data is taken from Table 3 in the appendix and illustrated in Figure 6 . Later we apply the WOD procedure on the full data set. Table 1 provides rankings of the 6 alternatives with different values of the choice parameters in WOD. The criteria weights are the same in all rankings and they are chosen such that criteria 1 is twice as important as criteria 2. The first four rankings represent WOD with four different sets of choice parameters and the last ranking represents that of TOPSIS. Each of the four WOD rankings demonstrate differences between the way WOD and TOPSIS rank alternatives. In WOD 1-3, α = 0 meaning that no alternatives are excluded a priori. This makes it easy to compare WOD to TOPSIS directly. In WOD 4, α is strictly positive, which exclude alternatives that are de facto dominated by A9, the top ranking alternative with the chosen criteria weights.
First, we notice that for a risk neutral decision maker the ranking of WOD and TOPSIS are not the same (comparing WOD 1 and TOPSIS in Table 1 ). 9 13,9 13,9 n 
With the chosen criteria weights WOD will never rank A7 as the single best alternative unlike TOPSIS. Figure 6 illustrates that both the worst and the best outcome of A9 dominates that of A7. Hence, according to WOD, A7 can never outrank A9. At best they can be considered equivalent. In WOD 3, β is set to 0.25, which is the threshold for which A7 and A9 fall into the same equivalent class.
The role of the choice parameter γ is illustrated in Figure 7 . While TOPSIS rank A12 above A14, WOD requires γ to be larger than or equal to 13.9 in order to produce the same ranking (see WOD 2, 3 and 4 in Table 1 ). A value of γ = 13.9 indicates that the decision maker should be highly risk loving to justify the ranking of TOPSIS.
Requiring that α must be strictly positive, as in WOD 4, makes alternatives A10 and A11 irrelevant. From Figure 6 and 7 it is clear that relative to A9, these alternatives are dominated.
Analyzing the full set of alternatives
Consider the full data set. Initially we put equal weights on all four criteria as in the example in Jahanshahloo et al. (2006) . Table 2 shows five different rankings of the 15 alternatives with different choice parameters. The first four rankings represent WOD with four different sets of choice parameter values and the last ranking represents that of TOPSIS from Jahanshahloo et al. (2006) . Each of the four rankings by WOD represent differences between the way WOD and TOPSIS rank alternatives.
In WOD 1 and 2, no alternatives are excluded a priori. The two procedures rank the alternatives almost in the same way. Comparing WOD 1 and TOPSIS, the only differences come from A7 and A3 as well as A11 and A15, which in both cases reverse the ranking. However, if A1 (the top ranking alternative) is removed from the set of alternatives, A7 will also outrank A3 according to TOPSIS. This illustrates that the ranking in TOPSIS between any two alternatives depends on the presence of a third alternative as discussed in Section 2. In WOD 2, β = 0.5 which does not change the ranking as such, but creates two equivalent classes. It becomes clear that separating the alternatives A14, A3, A7, A2 and A12 is less obvious. This is also the case for A13 and A10.
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In WOD 3 and 4, α is strictly positive, which exclude alternatives that are de facto dominated by A1 (the top ranking alternative with the chosen criteria weights). This significantly reduces the set of alternatives. Only four undominated alternatives are left. Compared to TOPSIS, the ranking of the three top ranking alternatives A1, A6 and A14 is the same. However, the fourth ranking alternative, A2, rank sixth in TOPSIS. This means that the two alternatives (A3 and A7) that outrank A2 in TOPSIS, are in fact dominated by A1 and hence considered irrelevant in WOD. Setting β = 0.5 as in WOD 4, only makes A14 and A2 equivalent.
The WOD Procedure as Decision Support
By definition (and as illustrated above) the WOD procedure relies on various choice parameters. The field of Multi Criteria Decision Making (MCDM) provides a rich framework for handling the required interaction to settle these choice parameters, for a survey see e.g., Korhonen et al. (1992) , Bogetoft and Pruzan (1997) or the more recently Figueira et al. (2005) .
Lessons from the MCDM literature are that preferences cannot be expressed in a vacuum and that the focus on more specific alternatives helps defining the preferences in an interactive fashion. Typically, interactive MCDM procedures rely on a progressive articulation of the decision makers preferences. In many MCDM systems such as for instance Pareto Race (Korhonen and Wallenius (1988) ), the idea is therefore to let the user gradually learn about best alternatives. Typically, the decision maker interacts with a computer program (the analyst) in order to select the preferred alternative. The approach is illustrated in Figure 8 . W 4 1 1 1 1 1 α 0 0 0.000001 0.000001 n/a β 0 0.5 0 0.5 n/a γ As such, the WOD procedure can naturally be imbedded in an iterative process where the decision maker expresses his preferences through choice of the various parameters used in the WOD procedure and the analyst replies with a new ranking of the alternatives. Hereby, the procedure allows the user a considerable flexibility and learning support. The user can change his preferences (choice parameters) as he goes along and his implicit articulation of preferences is facilitated by the gradual ranking of alternatives.
Even with as few as 15 alternatives, as in the applied data set, a well-designed interface is crucial for a successful interaction between the user and the WOD procedure. Below, we discuss how to ease the communication with the user.
First, we consider the situation with a single set of interval data for each decision criteria, as in all of the examples above. Second, we consider situations with two or more sets of interval data for each decision criteria, i.e. a situation with more detailed information about the underlying data distribution as discussed in Section 1. From the user's point of view WOD returns simple ordered rankings of the most relevant alternatives given the selected choice parameters and interval data. We illustrate how this simplicity can be reflected in the user interface.
Consider the situation with a single set of interval data for each decision criteria-a situation where the result is a single ranking of all non-excluded alternatives. Figure 9 provides a simple user interface, where the alternatives are ranked in equivalence classes and where the user may change the most relevant choice parameters. The user is given the opportunity to change the weights (w), the risk attitude (γ) and the weighted dominance (β) by simply dragging the bars in the screen interface. Hereby, the user makes sure that the ranking is consistent with the user's risk preferences by adjusting the "Risk" bar and the "Prudent" bar allows the user to control how sensitive the ranking should be by introducing equivalent classes. Now, consider the situation with multiple sets of interval data for each decision criteria-a situation where the WOD procedure is applied to each set of interval data and the aggregated result consists of multiple rankings of all non-dominated alternatives. Figure 10 provides a simple user interface, where the resulting rankings of alternatives are presented side by side. As in Figure 9 the user may change the most relevant choice parameter by dragging a bar. Figure 10 illustrates how the ranking of alternatives can change when applied to different levels of interval data. Here "interval 2" represents the one from Figure 9 and interval 1 and 3 are respectively a more narrow and a broader interval. As the interval becomes broader the outranking procedure tends to select more alternatives and cluster them into larger equivalence classes, as illustrated in Figure 10 . Marking the changes in the ranking for the top search results provides an easy overview of sensibility with respect to data uncertainty.
Final Remarks
To sum up, we introduced a new outranking method for interval data, dubbed WOD. We further argued that WOD have several advantages over existing methods in case of high data uncertainty. For instance, WOD makes pairwise comparisons where the ranking between two alternatives is independent of the presence (and thereby also the uncertainty) of other alternatives in the choice set, and WOD explicitly includes a decision parameter reflecting the decision makers risk attitude. We suggest that WOD is imbedded in a decision support framework enabling a progressive articulation of the decision makers preferences through a sequential choice of parameters and intermediary solutions.
Finally, a few remarks on potential real world application of WOD. As mentioned, the most relevant field of application for WOD is connected with high data uncertainty. Lack of precise information may come from the nature of the problem itself or it may come from lack of time and resources to collect and analyze data. A good example of a potential application for WOD could therefore be decision support for investors looking for investment opportunities for placing early seed capital in new Startup companies. Investing seed capital in a Startup is particularly uncertain and the available data is typically available in the form of interval data e.g., as the range between pessimistic and optimistic estimates of budgets and various key numbers. In particular, the emerging market for "crowdfunding", where many investors invest small amounts, is a relevant field of application. The investors in such a market are typically little experienced and little informed about the details of the individual Startups. Therefore, a systematic and intuitive way of selecting good alternatives is required. One example of a such a market is www.growvc.com. Table 3 : The applied data set. Source: Jahanshahloo et al. (2006) . 
